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Abstract—Training deep natural networks is a resource-
and time-consuming process. The networks are usually trained
using backpropagation, a case of reverse-mode automatic
differentiation that differentiates functions using a forward
and backward pass. Baydin et al. [1] propose using forward-
mode automatic differentiation to eliminate the backward pass
and calculate an unbiased estimator of the actual gradient, the
Jforward gradient. The authors’ results show that the forward
gradient trains twice as fast as backpropagation while reaching
the same or better performance. In this paper, we investigate
the authors’ results, test whether they scale to more complex
tasks, and explore the performance of the Adam optimizer and
SGD with Nesterov momentum on the forward gradient. We
find that the original paper uses too small learning rates for
backpropagation, leading to unfair comparisons. Furthermore,
our results indicate that backpropagation outperforms forward
gradients and that forward gradient does not scale to increased
complexity, regardless of the optimizer used.

I. INTRODUCTION

Training neural networks (NNs) is a resource- and time-
consuming process and novel methods are continuously
proposed to reduce training time and improve accuracy.
Gradient descent is the backbone of most modern opti-
mization methods for neural networks. This simple, yet
powerful concept computes the gradient of an arbitrary
loss function with respect to the weights and biases of a
NN, and takes a step in the opposite direction to minimize
the loss. Most applications implement gradient descent by
backpropagation. Backpropagation is a two-step algorithm
that calculates the loss by passing the input through the net-
work and then computes the gradients through a backward
pass. Most software packages implement this with reverse-
mode automatic differentiation, a member of the set of
differentiation techniques called Automatic Differentiation
(AD) [2].

To reduce the time per step, Baydin et al. [1], in the
paper Backpropagation without gradients, suggest to instead
calculate an unbiased estimate of the gradient in only a
forward pass using forward-mode AD. The authors claim
that their implementation of forward gradients cuts the
training time in half without sacrificing the quality of
their model. To support their claims, the authors pairwise
compare backpropagation and forward gradients for logistic
regression, dense neural networks, and convolutional neural
networks, all trained and tested on the MNIST dataset [3]].
Their results show significant speedup and, in the case of
dense neural networks, even decreased loss. If the results

scale and prove valid, it can save significant resources and
time. However, the experiments use the same learning rate
for both backpropagation and forward gradients, which does
not necessarily yield a fair comparison. Through this paper,
we therefore aim to:

1) Repeat the original paper’s experiments, but with
optimized learning rates for each algorithm.

2) Investigate whether forward gradients are compatible
with state-of-the-art optimization methods, in particu-
lar, SGD with Nesterov momentum and Adam.

3) Apply forward gradient descent to more complex tasks
and networks by training on the CIFAR-10 dataset [4].

Our results indicate that although forward gradient descent
performs well on simpler tasks, it struggles when the task
gets more complex and the networks deeper. Moreover, we
find that the original paper [l neglects to optimize the
learning rate for backpropagation, resulting in an invalid
comparison. Finally, on both the MNIST and CIFAR-10
datasets, we find that backpropagation significantly outper-
forms forward gradients on both final loss and the number
of iterations until convergence.

II. METHODS
A. Automatic Differentiation

Automatic Differentiation (AD) is a set of methods to
calculate a function’s derivative. The method exploits the
fact that all computer programs consist of compositions
of simple functions and operations, which have analyti-
cal solutions [2]. Today’s most used gradient method for
neural networks, backpropagation, is implemented through
reverse-mode AD. Reverse-mode AD computes the function
value by one forward pass and then the gradient through
a backward pass. As an alternative, one can use forward-
mode AD to calculate the function value and the directional
derivative along a stochastic direction v. A short introduction
is outlined in Appendix [A] for the curious reader.

B. Forward Gradient

The forward gradient proposed by Baydin et al. [1] utilizes
forward-mode AD to create an unbiased estimator of the
gradient defined as:

g(0) = (VE(@)v)v (D

where v is a perturbation vector sampled from a multivariate
Gaussian with expectation zero and unit variance. In other



words, the forward gradient samples a random direction,
calculates the directional derivative along this direction and
multiplies it by the direction again to get an unbiased
estimate for the gradient. For more information, see Baydin
et al. [].

C. Optimization algorithms

Baydin et al. [1] implement forward gradient for stochas-
tic gradient descent (SGD), the backbone of most opti-
mization algorithms today. In this work, we extend to
two popular algorithms which build on SGD: SGD with
Nesterov momentum and Adam. More information about the
algorithms and their parameter update rules can be found in

Appendix [A]
III. EXPERIMENTS

We experiment on the MNIST and CIFAR-10 datasets.
For both datasets, we split into training, validation and test
sets. We optimize hyperparameters on the validation set us-
ing grid search. For MNIST, we implement forward gradient
and backpropagation for all three optimization algorithms:
SGD, SGD with Nesterov momentum, and Adam. For
CIFAR-10, we only implement SGD. The forward gradient
is implemented in functorch[3]], while we use Pytorch [6] for
backpropagation. All the networks use ReLLU as activation
functions in the hidden layers and softmax on the output.
For forward gradients, we use gradient clipping and cap
the directional derivative’s norm at one to avoid exploding
gradients. In all experiments, we use a batch size of 64.

A. MNIST

The MNIST dataset consists of 70 000 images of hand-
written digits [3]. To classify the digits, we implement both
a neural network and a convolutional network.

1) Vanilla neural network: The vanilla neural network
uses three dense layers with sizes 1024, 1024, and 10.

Backprop
—— Forward gradient

0 10000 20000 30000 40000 50000 60000
Iterations

Figure 1: The loss curves per iteration for forward gradient
and backpropagation trained using SGD on the CIFAR-10
dataset. Hyperparameters are found in Table

2) Convolutional neural network: The convolutional neu-
ral network consists of four convolutional layers of size 64
with 3 by 3 kernels and zero padding. After every second
convolutional layer, we use a maxpooling layer with a 2 by
2 kernel and zero padding. At the end, we have two dense
layers of size 1024 and 10.

B. CIFAR-10

CIFAR-10 contains 60 000 32x32 images from 10 classes.
To classify the images, we implement a convolutional net-
work. The network consists of three blocks of two convo-
lutional layers after the VGG architecture [[7] with sizes 64,
128, and 256. Each block has two convolutional layers and
a maxpooling operation. The convolutional layers have a 3
by 3 kernel with 1 padding. The maxpooling layers are 2
by 2 with zero padding. At the end, the output is flattened
and passed through two dense layers of size 4096 and 10.

IV. RESULTS

Our experiments found that training with backpropaga-
tion outperformed training with forward gradients in every
aspect. Table[[|depicts each test loss and hyperparameters for
the different configurations we tested. All networks trained
with backpropagation on the MNIST dataset converge to

Table I: The results of our experiments. The test loss is the test loss after e epochs,  the learning rate, decay the exponential
learning rate decay, and 31 and [ is the decay rate for the first and second moment in the Adam optimizer.

Gradient type Model Dataset Optimizer -~ decay Momentum [ B2 epochs  Test loss
Forward gradient NN MNIST SGD 0.000464  le-5 0.000 0.000  0.0000 50 0.332
Backpropagation ~ NN MNIST SGD 0.100000 0 0.000 0.000  0.0000 50 0.000
Forward gradient NN MNIST Nesterov 0.000320  le-5 0.367 0.000  0.0000 50 0.270
Backpropagation NN MNIST Nesterov 0.100000 0O 0.500 0.000  0.0000 50 0.000
Forward gradient NN MNIST ADAM 0.000500  5e-5 0.000 0.990  0.9990 50 0.283
Backpropagation ~ NN MNIST ADAM 0.000100 0 0.000 0.900  0.9990 50 0.000
Forward gradient ~CNN MNIST SGD 0.000398  le-5 0.000 0.000  0.0000 50 0.548
Backpropagation =~ CNN MNIST SGD 0.100000 0O 0.000 0.000  0.0000 50 0.000
Forward gradient ~CNN MNIST Nesterov 0.000100  le-4 0.900 0.000  0.0000 50 0.559
Backpropagation =~ CNN MNIST Nesterov 0.010000 0O 0.783 0.000  0.0000 50 0.000
Forward gradient =~ CNN MNIST ADAM 0.000250  le-4 0.000 0.900 0.9999 50 0.669
Backpropagation ~ CNN MNIST ADAM 0.000236 0 0.000 0.900  0.9990 50 0.000
Forward gradient =~ CNN CIFAR-10  SGD 0.000433  le-6 0.000 0.000  0.0000 100 6.955
Backpropagation =~ CNN CIFAR-10  SGD 0.010000  le-4 0.000 0.000  0.0000 100 1.685
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Figure 2: The resulting loss curves from training backpropagation and forward gradient on the MNIST dataset. The

hyperparameters used is found in Table El

zero loss regardless of the optimization methods used, while
none of the forward gradient networks do. Figure [2| shows
the loss curves for the different configurations with optimal
hyperparameters on MNIST. We observe that forward gradi-
ent descent is significantly more noisy than backpropagation.
Finally, Figure [T] present the loss curves for CIFAR-10. The
forward gradient fails to learn, and the loss explodes after
about 40 000 iterations.

V. DISCUSSION

In the original paper by Baydin et al. []], the authors
find that forward gradient performs at least as well as back-
propagation in loss and convergence speed. Interestingly, we
observe that when the learning rate for backpropagation and
forward gradients is optimized separately, backpropagation
achieves a significantly lower loss on the MNIST data. This
is valid for all optimizers and nets we used on the MNIST
data. We believe this indicates that the forward gradient
is too noisy and has too much variance. Furthermore, we
see that backpropagation converges 2-4 times faster. In the
original paper, Baydin et al.’s [I]] results show that forward
gradients are around two times faster to compute than
backpropagation, and reach the same level of performance.
However, they used the same learning rates for backpropaga-
tion and forward gradients. When we optimize the learning
rates, backpropagation can use a much higher learning rate
than the forward gradient. This causes the backpropagation
to converge faster, despite the forward gradient’s advantage
in time per iteration.

For the CIFAR-10 dataset, the forward gradients per-
formed poorly. As seen in Figure [T} the algorithm fails to
learn. This result indicates that forward gradients struggle
when the task gets more complex and the network bigger.
This could prove a significant disadvantage as the trend is
that networks and tasks get more complex.

Another problem we encountered with forward gradients
is that they were very unstable and suddenly exploded,
leading to a failure to learn. Figure [I] shows an example
of this. To mitigate it, we implemented gradient clipping
and capped the norm of the Jacobian-vector product to one.
This stabilized the training process and allowed us to get the
same performance as Baydin et al. [1]. The instability and
exploding gradient problem showed up in all our models,
and we recommend using some form of gradient clipping
when using forward gradients.

VI. SUMMARY

This paper studied the performance of forward gradients
compared to standard backpropagation when training neural
networks, as described by Baydin et al. [I]. We were able to
reproduce the authors’ results. However, a fair comparison
reveals that the forward gradient performs weaker and needs
more iterations than backpropagation when training on the
MNIST dataset with SGD. This also holds for SGD with
Nesterov momentum and the Adam optimization algorithm.
Furthermore, we observe that forward gradients perform
very weakly when we increase the task and network com-
plexity by training and testing on the CIFAR-10 dataset.



APPENDIX

Automatic Differentiation:

Automatic Differentiation is a set of general techniques
for differentiating an arbitrary function. In the following
paragraphs, we denote f : R™ — R™ as the function to
differentiate and J¢ the Jacobian of partial derivatives of f.
The two techniques utilized in this paper are reverse-mode
AD and forward-mode AD.

1) Reverse-mode AD: Reverse mode AD works by
passing through a function twice, one forward pass and
one backward pass. During the forward pass, the method
saves intermediary variables and records dependencies in
the computational graph [2], before it outputs the function
value f(0@). Then, the method makes a backward pass
to evaluate the vector-Jacobian product vIJs. In most
neural network applications, the functions we evaluate is
scalar objective functions. In that case, the vector-Jacobian
product corresponds to the gradient.

2) Forward-mode AD: On the other hand, forward
mode AD evaluates both the function value £(0) and the
Jacobian-vector product J¢v in only one forward pass.
For the scalar objective case, the Jacobian-vector product
corresponds to the directional derivative along the direction
V.

SGD:

Stochastic gradient descent (SGD) is the backbone of most
optimization algorithms in deep learning today. The algo-
rithm is a stochastic version of gradient descent which
estimates the gradient over a batch of n samples. The
parameter update equation for the weights € , the function
f, and with a step size 7 is:

1 n
6D =6 —79(0), where g(6) =~ VE(6) )
=1

SGD with Nesterov momentum:
Momentum is a technique that keeps track of an exponen-
tially weighed average of past gradients. As vanilla SGD
only estimates the true gradient over a small batch of data,
the estimation is often noisy and not equal to the real
gradient. The momentum term mitigates this by including
previous estimates in the update step, often yielding a more
accurate estimate. SGD with Nesterov momentum uses the
same idea, but computes the gradient at the current position
plus the momentum step. This yields the following update
equation [8]:

0(t+1) _ O(t) + V(t+1) 3)

where v(**1) is given by

VD = v® 4 VOO + pv®)

1 is the momentum parameter and -y is the step size.

Adam:

Kingman and Ba [9] introduced Adam, an adaptive learning
rate optimization algorithm in 2014. Today, Adam is maybe
the most utilized optimization algorithm in deep learning
due to its attractive convergence properties. The algorithm
adapts the learning rates based on estimates of the first and
second order moments of the gradient. It achieves this by
maintaining an exponential moving average of the moments

[19f:
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v is the step size, 3; is the decay rate for the first moment, 3o
the decay rate for the second moment, g, is the gradient,
and € is a numerical stabilizer.
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